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a b s t r a c t
An orthogonal double cover (ODC) of a graphH is a collectionG = {Gv : v ∈ V (H)} of |V (H)|
subgraphs of H such that every edge of H is contained in exactly twomembers of G and for
any twomembers Gu and Gv in G, |E(Gu)∩ E(Gv)| is 1 if u and v are adjacent in H and it is 0
if u and v are nonadjacent in H . An ODC G of H is cyclic (CODC) if the cyclic group of order
|V (H)| is a subgroup of the automorphism group of G. In this paper, we are concerned with
CODCs of 4-regular circulant graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let H be any graph and let G = {G1,G2, . . . ,G|V (H)|} be a collection of |V (H)| subgraphs of H . G is a double cover (DC) of
H if every edge of H is contained in exactly two members in G. If Gi ∼= G for all i ∈ {1, 2, . . . , |V (H)|}, then G is a DC of H by
G. If G is a DC of H by G, then |V (H)| |E(G)| = 2|E(H)|.
A DC G of H is an orthogonal double cover (ODC) of H if there exists a bijective mapping φ : V (H) → G such that for
every choice of distinct vertices u and v in V (H), |E(φ(u)) ∩ E(φ(v))| is 1 if uv ∈ E(H) and is 0 otherwise. If Gi ∼= G for all
i ∈ {1, 2, . . . , |V (H)|}, then G is an ODC of H by G.
An automorphism of an ODC G = {G1,G2, . . . ,G|V (H)|} of H is a permutation π : V (H) → V (H) such that {π(G1),
π(G2), . . . , π(G|V (H)|)} = G, where for i ∈ {1, 2, . . . , |V (H)|}, π(Gi) is a subgraph of H with V (π(Gi)) = {π(v) : v ∈ V (Gi)}
and E(π(Gi)) = {π(u)π(v) : uv ∈ E(Gi)}. An ODC G of H is cyclic (CODC) if the cyclic group of order |V (H)| is a subgroup of
the automorphism group of G, the set of all automorphisms of G.
Throughout the article we make use of the usual notation: Kn for the complete graph on n vertices, Km,n for the complete
bipartite graph with independent sets of sizesm and n, Pn for the path on n vertices, Cn for the cycle on n vertices, G+ H for
the disjoint union G ∪ H of G and H , and ℓG for ℓ disjoint copies of G.
Let n1, n2, . . . , nr , r ≥ 1, be integers, n1, nr ≥ 1 and ni ≥ 0 for i ∈ {2, 3, . . . , r − 1}. The caterpillar Cr(n1, n2, . . . , nr) is
the tree obtained from the path Pr := x1 x2 . . . xr by joining vertex xi to ni new vertices, i ∈ {1, 2, . . . , r}.
For a sequence {d1, d2, . . . , dk} of positive integers with 1 ≤ d1 < d2 < · · · < dk ≤ ⌊ n2⌋, the circulant graph
Circ(n; {d1, d2, . . . , dk}) has vertex set Zn = {0, 1, 2, . . . , n − 1}; two vertices x and y are adjacent if and only if x − y ≡
±di (mod n) for some i, i ∈ {1, 2, . . . , k}. For an edge xy in Circ(n; {d1, d2, . . . , dk}), the length of xy ismin{|x−y|, n−|x−y|}.
Given two edges e1 = u1v1 and e2 = u2v2 of the same length ℓ in Circ(n; {d1, d2, . . . , dk}), the rotation-distance r(ℓ)
between e1 and e2 is r(ℓ) = min{r1, r2 : (u1+ r1)(v1+ r1) = e2, (u2+ r2)(v2+ r2) = e1}, where addition is reducedmodulo
n. Observe that if r(ℓ) = ℓ, then the edges e1 and e2 are adjacent; if r(ℓ) ≠ ℓ, then e1 and e2 are nonadjacent.
Consider the complete graph Kn = Circ(n; {1, 2, 3, . . . , ⌊ n2⌋}). The authors of [3] introduced the notion of an orthogonal
labelling. Given a graph G = (V , E) with n − 1 edges, a 1–1 mapping ψ : V → Zn is an orthogonal labelling of G if: (i) for
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every ℓ ∈ {1, 2, . . . , ⌊ n−12 ⌋}, G contains exactly two edges of length ℓ, and exactly one edge of length n2 if n is even, and (ii)
r(ℓ) : ℓ ∈














The following theorem of Gronau et al. [3] relates CODCs of Kn and orthogonal labellings.
Theorem 1.1 ([3]). A CODC of Kn by a graph G exists if and only if there exists an orthogonal labelling of G.
Sampathkumar and Simaringa called an orthogonal labelling an orthogonal {1, 2, . . . , ⌊ n2⌋}-labelling and generalized it
to an orthogonal {d1, d2, . . . , dk}-labelling, where {d1, d2, . . . , dk} is a sequence of positive integers with 1 ≤ d1 < d2 <
· · · < dk ≤ ⌊ n2⌋.
I. Either n is odd or n is even and dk ≠ n2 :
Given a subgraph G of Circ(n; {d1, d2, . . . , dk}) with 2k edges, a labelling of G, in Zn, is an orthogonal {d1, d2, . . . , dk}-
labelling of G if: (i) for every ℓ ∈ {d1, d2, . . . , dk}, G contains exactly two edges of length ℓ, and (ii) {r(ℓ) : ℓ ∈
{d1, d2, . . . , dk}} = {d1, d2, . . . , dk}.
II. n is even and dk = n2 :
Given a subgraph G of Circ(n; {d1, d2, . . . , dk−1, n2 }) with 2k − 1 edges, a labelling of G, in Zn, is an orthogonal{d1, d2, . . . , dk−1, n2 }-labelling of G if: (i) for every ℓ ∈ {d1, d2, . . . , dk−1}, G contains exactly two edges of length ℓ, and
G contains exactly one edge of length n2 , and (ii) {r(ℓ) : ℓ ∈ {d1, d2, . . . , dk−1}} = {d1, d2, . . . , dk−1}.
The following theorem, of Sampathkumar and Simaringa, is a generalization of Theorem 1.1. The proof of Theorem 1.2 is
similar to that of Theorem 1.1.
Theorem 1.2. A CODC of Circ(n; {d1, d2, . . . , dk}) by a graph G exists if and only if there exists an orthogonal {d1, d2, . . . , dk}-
labelling of G.
For results on ODCs of graphs, see [2], a survey by Gronau et al.
In [4], Hartmann and Schumacher proved the following. (i) Let H be a 2-regular graph. There exists an ODC of H by 2K2
with three exceptions for H: C3, C4 and 2C3. (ii) Let H be a 3-regular graph containing a 1-factor and without a component
isomorphic to K4. There exists an ODC of H by P4. (iii) Let H be a 3-regular graph containing a 1-factor and |V (H)| ≥ 24.
There exists an ODC of H by P3 + K2.
Let Γ be a finite group and A ⊆ Γ be a subset of Γ such that A−1 = A and 1 ∉ A. The Cayley graph Cay(Γ , A) has vertex
set Γ and edge set {{x, ax} : x ∈ Γ , a ∈ A}.
In [5], Scapellato et al. proved the following. (i) All 3-regular Cayley graphs, except K4, have ODCs by P4. (ii) All 3-regular
Cayley graphs on Abelian groups, except K4, have ODCs by P3+K2. (iii) All 3-regular Cayley graphs on Abelian groups, except
K4 and the 3-prism (Cartesian product of C3 and K2), have ODCs by 3K2.
The above results on ODCs of graphs with lower degrees motivates us to consider ODCs of 4-regular circulant graphs. In
this paper, we have completely settled the existence problem of CODCs of 4-regular circulant graphs. Note that, for ODCs of
such graphs by a graph G, G has to have four edges.
Denote by H the graph with V (H) = {v1, v2, v3, v4} and E(H) = {v1v2, v1v3, v1v4, v2v3}. The other terminology not
defined here can be found in [1].
2. 4-regular circulant graphs
Suppose that 1 ≤ d1 < d2 ≤ ⌊ n−12 ⌋ and let G be any simple graph with four edges. Our aim is to find a
CODC of the circulant graph Circ(n; {d1, d2}) by G. As |E(G)| = 4, G ∈ {4K2, P3 + 2K2, 2P3, P4 + K2, K1,3 + K2, C3 +
K2, P5, C2(1, 2), K1,4, C4,H}. By Theorem 1.2, we have to find an orthogonal {d1, d2}-labelling of G; i.e., we have to find a
labelling of the vertices ofG inZn such thatG contains two edges of length d1 and two edges of length d2, and {r(d1), r(d2)} =
{d1, d2}. Hence, either r(d1) = d1 and r(d2) = d2 or r(d1) = d2 and r(d2) = d1.
Trivially, there exists a CODC of Circ(n; {d1, d2}) by K1,4.
Theorem 2.1. There is no CODC of Circ(n; {d1, d2}) by K1,3 + K2.
Proof. Suppose that there exists a CODC of Circ(n; {d1, d2}) by K1,3 + K2. If r(d1) = d1 and r(d2) = d2, then there is a
decomposition (a partition of the edge set) of K1,3 + K2 by P3; if r(d1) = d2 and r(d2) = d1, then there is a decomposition
of K1,3 + K2 by 2K2. In both cases, we have obtained a contradiction. 
Theorem 2.2. There is no CODC of Circ(n; {d1, d2}) by C3 + K2.
Proof. Similar to that for Theorem 2.1. 
Theorem 2.3. Suppose that n ≥ 8. A CODC of Circ(n; {d1, d2}) by 4K2 exists if and only if (n, d1, d2) ∉ {(8, 1, 3), (9, 1, 3),
(9, 2, 3), (9, 3, 4)}.
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Proof. If there exists a CODC of Circ(n; {d1, d2}) by 4K2, then r(d1) = d2 and r(d2) = d1.
First, assume that (n, d1, d2) ∉ {(8, 1, 3), (9, 1, 3), (9, 2, 3), (9, 3, 4)}.
Case 1. d1 + d2 ≠ ⌊ n2⌋, d1 + d2 ≠ ⌈ n2⌉ and d2 ≠ ⌊ n2⌋.
Edges of length d1 are {0, d1} and {d2, d1 + d2}; ones of length d2 are {⌈ n2⌉, ⌈ n2⌉ + d2} and {⌈ n2⌉ + d1, ⌈ n2⌉ + d1 + d2}.
Case 2. n is even and d1 + d2 = n2 .
Subcase 2.1. (d1, d2) ≠ (1, n−22 ).
Edges of length d1 are {0, d1} and {d2, n2 }; ones of length d2 are { n+22 , n+22 + d2} and { n+22 + d1, 1}.
Subcase 2.2. (d1, d2) = (1, n−22 ).
By hypothesis, n ≥ 10. Edges of length 1 are {0, 1} and { n−22 , n2 }; ones of length n−22 are {2, n+22 } and {3, n+42 }.
Case 3. n is odd and d2 = n−12 .
Subcase 3.1. d1 ∉ { n−32 , n−14 , n−34 }.
Edges of length d1 are {0, d1} and { n−12 , n−12 +d1}; ones of length n−12 are {1+d1, 1+d1+ n−12 } and {1+2d1, 1+2d1+ n−12 }.
Subcase 3.2. d1 = n−32 .
By hypothesis, n ≠ 9. Edges of length n−32 are { n+52 , 1} and {2, n+12 }; ones of length n−12 are {0, n−12 } and { n−32 , n− 2}.
Subcase 3.3. d1 = n−14 .
Edges of length n−14 are {1, n+34 } and { n+12 , 3n+14 }; ones of length n−12 are {0, n−12 } and { n−14 , 3n−34 }.
Subcase 3.4. d1 = n−34 .
Edges of length n−34 are {1, n+14 } and { n+12 , 3n−14 }; ones of length n−12 are {0, n−12 } and { n−34 , 3n−54 }.
Case 4. n is odd and d1 + d2 = n−12 .
Subcase 4.1. (d1, d2) ≠ (1, n−32 ).
Edges of length d1 are {0, d1} and {d2, n−12 }; ones of length d2 are { n+32 , n+32 + d2} and { n+32 + d1, 1}.
Subcase 4.2. (d1, d2) = (1, n−32 ).
By hypothesis, n ≠ 9. Edges of length 1 are {0, 1} and { n−32 , n−12 }; ones of length n−32 are {2, n+12 } and {3, n+32 }.
Case 5. n is odd, d1 + d2 = n+12 and d2 ≠ n−12 .
Subcase 5.1. (d1, d2) ≠ (2, n−32 ).
Edges of length d1 are {0, d1} and {d2, n+12 }; ones of length d2 are { n+32 , n+32 + d2} and { n+32 + d1, 2}.
Subcase 5.2. (d1, d2) = (2, n−32 ).
By hypothesis, n ≠ 9. Edges of length 2 are {0, 2} and { n−32 , n+12 }; ones of length n−32 are {1, n−12 } and {3, n+32 }.
Conversely, assume that (n, d1, d2) ∈ {(8, 1, 3), (9, 1, 3), (9, 2, 3), (9, 3, 4)} and suppose that there exists a CODC of
Circ(n; {d1, d2}) by 4K2.
Case 1. (n, d1, d2) = (8, 1, 3).
Assume that the edges of length 1 are {0, 1} and {3, 4}. Edges of length 3 are {i, i + 3} and {i + 1, i + 4} for some
i ∈ {0, 1, 2, 3, 4, 5, 6, 7}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 4K2.Hence,
there is no CODC of Circ(8; {1, 3}) by 4K2.
Case 2. (n, d1, d2) = (9, 3, 4).
Assume that the edges of length 3 are {0, 3} and {4, 7}. Edges of length 4 are {i, i + 4} and {i + 3, i + 7} for some
i ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 4K2.
Thus, there is no CODC of Circ(9; {3, 4}) by 4K2.
This completes the proof, because Circ(9; {1, 3}) ∼= Circ(9; {2, 3}) ∼= Circ(9; {3, 4}). 
Theorem 2.4. Suppose that n ≥ 6. A CODC of Circ(n; {d1, d2}) by 2P3 exists if and only if (n, d1, d2) ∉ {(7, 1, 2), (7, 1, 3),
(7, 2, 3), (9, 1, 3), (9, 2, 3), (9, 3, 4)}.
Proof. First, assume that (n, d1, d2) ∉ {(7, 1, 2), (7, 1, 3), (7, 2, 3), (9, 1, 3), (9, 2, 3), (9, 3, 4)}.
Case 1. d1 + 1 ≠ d2 and 2d1 + 1 ≠ d2.
Edges of length d1 are {1, 1+ d1} and {1+ d1, 1+ 2d1}; ones of length d2 are {0, d2} and {d2, 2d2} (r(di) = di, i ∈ {1, 2}).
Case 2. d1 + 1 = d2.
Subcase 2.1. (d1, d2) ∉ {(1, 2), (2, 3), ( n−32 , n−12 )}.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length 1+ d1 are {1, 2+ d1} and {2+ d1, 3+ 2d1} (r(d1) = d1 and
r(1+ d1) = 1+ d1).
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Subcase 2.2. (d1, d2) = (1, 2).
For n ≥ 8, edges of length 1 are {0, 1} and {1, 2}; ones of length 2 are {3, 5} and {5, 7} (r(1) = 1 and r(2) = 2). By
hypothesis, n ≠ 7. For n = 6, edges of length 1 are {0, 1} and {2, 3}; ones of length 2 are {3, 5} and {4, 0} (r(1) = 2 and
r(2) = 1).
Subcase 2.3. (d1, d2) = (2, 3).
By hypothesis, n ∉ {7, 9}. For n ≥ 10 or n = 8, edges of length 2 are {n− 3, n− 1} and {n− 1, 1}; ones of length 3 are
{0, 3} and {3, 6} (r(2) = 2 and r(3) = 3).
Subcase 2.4. (d1, d2) = ( n−32 , n−12 ).
By hypothesis, n ∉ {7, 9}. For n ≥ 11, edges of length n−32 are {0, n−32 } and { n−32 , n− 3}; ones of length n−12 are {2, n+32 }
and { n+32 , 1} (r( n−32 ) = n−32 and r( n−12 ) = n−12 ).
Case 3. 2d1 + 1 = d2.
Subcase 3.1. (d1, d2) ∉ {(1, 3), ( n−34 , n−12 )}.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {1, 2d1+2} and {2d1+2, 4d1+3} (r(di) = di, i ∈ {1, 2}).
Subcase 3.2. (d1, d2) = (1, 3).
By hypothesis, n ∉ {7, 9}. For n ≥ 10, edges of length 1 are {0, 1} and {1, 2}; ones of length 3 are {3, 6} and {6, 9}
(r(1) = 1 and r(3) = 3). For n = 8, edges of length 1 are {0, 1} and {3, 4}; ones of length 3 are {4, 7} and {5, 0} (r(1) = 3
and r(3) = 1).
Subcase 3.3. (d1, d2) = ( n−34 , n−12 ).
By hypothesis, n ≠ 7. For n ≥ 11, edges of length n−34 are {2, n+54 } and { n+54 , n+12 }; ones of length n−12 are {0, n−12 } and
{ n−12 , n− 1} (r( n−34 ) = n−34 and r( n−12 ) = n−12 ).
Conversely, assume that (n, d1, d2) ∈ {(7, 1, 2), (7, 1, 3), (7, 2, 3), (9, 1, 3), (9, 2, 3), (9, 3, 4)} and suppose that there
exists a CODC of Circ(n; {d1, d2}) by 2P3.
Case 1. (n, d1, d2) = (7, 1, 2).
Subcase 1.1. r(1) = 1 and r(2) = 2.
Assume that the edges of length 1 are {0, 1} and {1, 2}. Edges of length 2 are {i, i + 2} and {i + 2, i + 4} for some
i ∈ {0, 1, 2, 3, 4, 5, 6}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 2P3.
Subcase 1.2. r(1) = 2 and r(2) = 1.
Assume that the edges of length 1 are {0, 1} and {2, 3}. Edges of length 2 are {i, i + 2} and {i + 1, i + 3} for some
i ∈ {0, 1, 2, 3, 4, 5, 6}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 2P3.
Hence, there is no CODC of Circ(7; {1, 2}) by 2P3. There is no CODC of Circ(7; {1, 3}) by 2P3 and no CODC of Circ(7; {2, 3})
by 2P3, since Circ(7; {1, 3}) ∼= Circ(7; {1, 2}) ∼= Circ(7; {2, 3}).
Case 2. (n, d1, d2) = (9, 2, 3).
Subcase 2.1. r(2) = 2 and r(3) = 3.
Assume that the edges of length 2 are {0, 2} and {2, 4}. Edges of length 3 are {i, i + 3} and {i + 3, i + 6} for some
i ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 2P3.
Subcase 2.2. r(2) = 3 and r(3) = 2.
Assume that the edges of length 2 are {0, 2} and {3, 5}. Edges of length 3 are {i, i + 3} and {i + 2, i + 5} for some
i ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8}. For any i, the edge-induced subgraph induced by these four edges is not isomorphic to 2P3.
Hence, there is no CODC of Circ(9; {2, 3}) by 2P3. There is no CODC of Circ(9; {1, 3}) by 2P3 and no CODC of Circ(9; {3, 4})
by 2P3, since Circ(9; {1, 3}) ∼= Circ(9; {2, 3}) ∼= Circ(9; {3, 4}). 
Theorem 2.5. Suppose that n ≥ 5. There exists a CODC of Circ(n; {d1, d2}) by P5.
Proof. Case 1. 2d1 ≠ d2.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {0, d2} and {d2, 2d2} (r(di) = di, i ∈ {1, 2}).
Case 2. 2d1 = d2.
Subcase 2.1. (d1, d2) ∉ {( n5 , 2n5 ), ( n6 , n3 )}.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {n−4d1, n−2d1} and {n−2d1, 0} (r(di) = di, i ∈ {1, 2}).
Subcase 2.2. (d1, d2) = ( n5 , 2n5 ).
Edges of length n5 are { 3n5 , 4n5 } and {0, n5 }; ones of length 2n5 are { 4n5 , n5 } and {0, 2n5 } (r( n5 ) = 2n5 and r( 2n5 ) = n5 ).
Subcase 2.3. (d1, d2) = ( n6 , n3 ).
Edges of length n6 are { 2n3 , 5n6 } and {0, n6 }; ones of length n3 are { 5n6 , n6 } and {0, n3 } (r( n6 ) = n3 and r( n3 ) = n6 ). 
Theorem 2.6. Suppose that n ≥ 7. A CODC of Circ(n; {d1, d2}) by P3 + 2K2 exists if and only if (d1, d2) ∉ {( n6 , n3 ), ( n5 , 2n5 )}.
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Proof. If there exists a CODC of Circ(n; {d1, d2}) by P3 + 2K2, then r(d1) = d2 and r(d2) = d1.
First, assume that (d1, d2) ∉ {( n6 , n3 ), ( n5 , 2n5 )}.
Case 1. 2d1 ≠ d2.
Edges of length d1 are {0, d1} and {d2, d2 + d1}; ones of length d2 are {d2 − d1, 2d2 − d1} and {d2, 2d2}.
Case 2. 2d1 = d2.
Edges of length d1 are {0, d1} and {2d1, 3d1}; ones of length 2d1 are {n− 3d1, n− d1} and {n− 2d1, 0}. (Since n ≠ 2d2,
n ≠ 4d1. By hypothesis, n ∉ {5d1, 6d1}.)
Conversely, assume that (d1, d2) ∈ {( n6 , n3 ), ( n5 , 2n5 )}.
Case 1. (d1, d2) = ( n6 , n3 ).
Assume that the edges of length n6 are {0, n6 } and { n3 , n2 }. Edges of length n3 are {i, i + n3 } and {i + n6 , i + n2 } for some
i ∈ {0, 1, 2, . . . , n−1}. For i = 0, the edge-induced subgraph induced by these four edges is isomorphic to C4; for i ∈ { n6 , 5n6 },
it is isomorphic to P5; for i ∈ { n3 , 2n3 }, it is isomorphic to P4+K2; for i = n2 , it is isomorphic to 2P3; otherwise it is isomorphic
to 4K2. Hence, there is no CODC of Circ(n; { n6 , n3 }) by P3 + 2K2.
Case 2. (d1, d2) = ( n5 , 2n5 ).
Assume that the edges of length n5 are {0, n5 } and { 2n5 , 3n5 }. Edges of length 2n5 are {i, i + 2n5 } and {i + n5 , i + 3n5 } for
some i ∈ {0, 1, 2, . . . , n − 1}. For i = 0, the edge-induced subgraph induced by these four edges is isomorphic to C4; for
i ∈ { n5 , 2n5 , 3n5 , 4n5 }, it is isomorphic to P5; otherwise it is isomorphic to 4K2. Hence, there is no CODC of Circ(n; { n5 , 2n5 }) by
P3 + 2K2. 
Theorem 2.7. Suppose that n ≥ 6. A CODC of Circ(n; {d1, d2}) by P4 + K2 exists if and only if (d1, d2) ≠ ( n5 , 2n5 ).
Proof. If there exists a CODC of Circ(n; {d1, d2}) by P4 + K2, then r(d1) = d2 and r(d2) = d1.
First, assume that (d1, d2) ≠ ( n5 , 2n5 ).
Case 1. 2d1 ≠ d2 and 2d1 + d2 ≠ n.
Edges of length d1 are {0, d1} and {d2, d2 + d1}; ones of length d2 are {n− d1, d2 − d1} and {0, d2}.
Case 2. 2d1 = d2.
Edges of length d1 are {n− 2d1, n− d1} and {0, d1}; ones of length d2 are {0, 2d1} and {d1, 3d1}. (Since d2 ≠ n2 , 4d1 ≠ n.
By hypothesis, 5d1 ≠ n.)
Case 3. 2d1 + d2 = n.
Edges of length d1 are {2d1, 3d1} and {0, d1}; ones of length d2 are {n− 2d1, 0} and {n− d1, d1}. (Since d1 ≠ d2, d2 ≠ n2
and d2 < n2 , we have 3d1 ≠ n, 4d1 ≠ n and 5d1 ≠ n, respectively.)
Conversely, assume that (d1, d2)= ( n5 , 2n5 ). By the proof of Case 2 of the converse part of Theorem 2.6, there is no CODC
of Circ(n; { n5 , 2n5 }) by P4 + K2. 
Theorem 2.8. Suppose that n ≥ 5. A CODC of Circ(n; {d1, d2}) by C2(1, 2) exists if and only if (d1, d2) ≠ ( n5 , 2n5 ).
Proof. If there exists a CODC of Circ(n; {d1, d2}) by C2(1, 2), then r(di) = di, i ∈ {1, 2}.
First, assume that (d1, d2) ≠ ( n5 , 2n5 ).
Case 1. 2d1 + d2 ≠ n and 2d1 ≠ d2.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {n− d2, 0} and {0, d2}.
Case 2. 2d1 + d2 = n or 2d1 = d2.
Edges of length d1 are {n − d1, 0} and {0, d1}; ones of length d2 are {0, d2} and {d2, 2d2}. (If d1 + 2d2 = n = 2d1 + d2,
then d1 = d2, a contradiction. If d1 + 2d2 = n and 2d1 = d2, then (d1, d2) = ( n5 , 2n5 ), a contradiction.)
Conversely, suppose that there exists a CODC of Circ(n; { n5 , 2n5 }) by C2(1, 2). Assume that the edges of length n5 are {0, n5 }
and { n5 , 2n5 }. Edges of length 2n5 are {i, i + 2n5 } and {i + 2n5 , i + 4n5 } for some i ∈ {0, 1, 2, . . . , n − 1}. For i = 4n5 , the edge-
induced subgraph induced by these four edges is isomorphic to K1,4; for i ∈ {0, n5 , 2n5 , 3n5 }, it is isomorphic to H; otherwise
it is isomorphic to 2P3. Hence, there is no CODC of Circ(n; { n5 , 2n5 }) by C2(1, 2). 
Theorem 2.9. Suppose that n ≥ 5. There exists a CODC of Circ(n; {d1, d2}) by C4.
Proof. Edges of length d1 are {0, d1} and {d2, d1 + d2}; ones of length d2 are {0, d2} and {d1, d2 + d1} (r(d1) = d2 and
r(d2) = d1). 
Theorem 2.10. Suppose that n ≥ 5. A CODC of Circ(n; {d1, d2}) by H exists if and only if n ∈ {2d1+d2, d1+2d2} or 2d1 = d2.
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Proof. If there exists a CODC of Circ(n; {d1, d2}) by H , then r(di) = di, i ∈ {1, 2}.
First, assume that there exists a CODC of Circ(n; {d1, d2}) by H . We consider two possibilities. If two edges of the triangle
inH are of length d1, then either 2d1 = d2 or n = 2d1+d2. If two edges of the triangle inH are of length d2, then n = d1+2d2.
Hence, n ∈ {2d1 + d2, d1 + 2d2} or 2d1 = d2.
Conversely, assume that n ∈ {2d1 + d2, d1 + 2d2} or 2d1 = d2.
Case 1. d1 + 2d2 = n.
Edges of length d1 are {2d2, 0} and {0, d1}; ones of length d2 are {0, d2} and {d2, 2d2}.
Case 2. 2d1 = d2.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {n− d2, 0} and {0, d2}.
Case 3. 2d1 + d2 = n.
Edges of length d1 are {0, d1} and {d1, 2d1}; ones of length d2 are {2d1, 0} and {0, d2}. 
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